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THEOREMS OF FUBINI TYPE FOR
ITERATED STOCHASTIC INTEGRALS
BY
MARC A. BERGER! AND VICTOR J. MIZEL?

ABSTRACT. An extension of the Ito calculus which treats iterated Ito
integration, as applied to a class of two-parameter processes, is introduced.
This theory includes the integration of certain anticipative integrands and
introduces a notion of stochastic differential for such integrands. Among the
key results is a version of Fubini’s theorem for iterated stochastic integrals,
in which a “correction” term appears. Applications to stochastic integral
equations and to the It6 calculus are given, and the relation of the present
development to recent work of Ogawa is described.

1. Introduction. Shown in the figure below is a typical feedback diagram.

E() F@) ’ @)

[0 J‘ y

The box T signifies a transfer from the input F to the output £. For example,

&0 = [o(t = F(r)ydr, 130 (11)
(i
Junction J is a step-up or step-down point. Here either some fraction of § is
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diverted for external consumption, or else £ is scaled up. Thus the remainder
in the loop is 3
§=at (1.2)

If the process uses this remainder £ to drive itself, along with an external
driving force E, then

F=E+¢. (1.3)

Combining (1.1), (1.2), (1.3) it follows that the equation governing the
system is

&1) — fo ‘o(t — T)a(r)(r) dr= fo 's(t = DE(r) dr, 1>0. (14)

Suppose, however, that « is in the form of a noise, @ = a; + a,z, where zisa
white noise. Then (1.4) becomes

&(1) — fo ‘o(t — T)ay (n)E(r) dr— fo ‘o(t — )ay()(r) dB(7)
= fo ‘o(t —= E(r) dr, 130, (15)
where 8 is a Brownian motion
B(9) =j:z('r) dr, t>0.

This equation is an example of a stochastic integral equation. The existence
theory of such equations will be discussed in §5. The main difficulty in
solving such equations lies in the impossibility of representing the iterates of
the operator

TF() = [ ot = Dax()f(r) dB(r), 10, (1.6)

in a form similar to (1.6). This difficulty arises precisely because the integrand
in a stochastic integral must be nonanticipating. Thus there is no meaning
given a priori to an integral like

fo‘[[o(t — m)o(ry — May(r) 4B ("l)]“z("')f("') aB(r). (17
It6 [8] has defined an integral

10 = [ [ g(r72) dB () dB ()

where g € L*([0, ¢] X [0, ¢]). His definition there is

10 = ['{ ["[etrm) + 2(rp 7)) dB(r) | dB(r), 1> 0. (18)
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This integral behaves in many ways like a single stochastic integral, but not
like two iterated integrals. For example, one can show that (1.8) implies

[ [ #(ryp(rs) dB(r1) dB (rs)

=[ j(;’q)(-r)dﬂ('r)}[ fo "p(f)dp(f)]— fo o) dr, >0, (19)

for @, y € L([0, £]). Thus, although according to (1.8) the natural definition
for integrals like (1.7) should be

fo ' f "g(r, 7, 1) dB(r,) dB(r) = fo ' fo "g(ry, 7, 1) dB(r,) dB(r), t >0,

this interpretation has the disadvantage that it utilizes what is in actuality a
two-dimensional integral, rather than an iterated one-dimensional integral.

For this reason we develop here a different extension of the stochastic
integral, which allows one to solve equations like (1.5) by iterating operators
such as that appearing in (1.6). This extension is, roughly speaking, the
unique extension which allows integrals to be iterated one variable at a time,
in the usual fashion. Thus, for example, a formula like (1.9) will be replaced
by

fo' fo 'q>(f.)¢(n) dp () dB(ry) = [ fo t(p('r) dp (f)][ fo '\p(f) dB (1)], t>0.

The distinction between our integral and that of Itd, defined by (1.8), will be
clarified through the Correction Formula (Theorem 3.A). The ease of
calculating with our integral readily enables one to uncover a number of
important properties of the It6 stochastic calculus. For example, in Theorem
4.B we provide a differentiation rule for processes of the form

§1)=F(,B(1)), >0,

where

F(t, %) =fo',p(7, t,x - B(r)) dB(r), t>0,x€ER

For a different approach to the Correction Formula the reader is referred
to Meyer [14, pp. 321-326]. For reference to other types of random integral
equations, we refer the reader to the comprehensive works by Bharucha-Reid
[4] and Tsokos and Padgett [17].

2. Adapted stochastic integral. Let (2, ¥, P) be a probability space, and
{B(9): t > 0} a Brownian motion on it. For 0 < ¢, < ¢, let (¢, t;) denote
the sub-sigma-algebra of F generated by {B(1) — B(t,): t, <7 <1,}. A
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two-parameter stochastic process {f(¢;,#,): 0 < t; < t,} is said to be L%-
adapted (with respect to B) if

(i) f(-, t,) is separable and measurable on [0, t,], t, > O,

(i) f(¢,, 1) is F(¢,, t,)-measurable, 0 < ¢, < 1,,

(iii) f(t,, 1) € L¥(R),0 < 1, < 1,

@v) [7E|f(r, P dr < oo, t, > 0.
If conditions (i) and (iv) are replaced by

@) f(¢,, - ) is separable and measurable on [#,, ), ¢, > O,

GvY [7E|f(t, D dr < 00,0 < 1, < 1,
then f is said to be L? -adapted (with respect to S).

1t6 [7] has defined the integral [32 f(¢,, 7) dB(7) for L? -adapted processes f,
and its properties can be found in any text on stochastic integration. (See, for
example, Arnold [1, pp. 64-88], Friedman [5, pp. 59-72], Gihman and
Skorohod [6, pp. 11-27], McKean [12, pp. 24-29], McShane [13, pp. 102-152],
Skorohod [16, pp. 15-29].) We address ourselves to the problem of defining a
new stochastic integral of the form f7 f(7, t,) dB (7) for L2 -adapted processes
f

To begin with we establish the following result characterizing L% -adapted
processes.

THEOREM 2.A. Let T,(t,, t,) denote the region
{(ri )iy <7<+ <1, <1}, 0K <1,
For any L -adapted process f there exists a unique sequence
{@u(t, 1) € LX(T, (1, 1,)): 0< t, < trn=1,2,... }
such that, for 0 < t, < t,, f(t), t,) has the LX) orthogonal expansion
B+ 3 [ @t ) dB(n) - dB(r). @D
n=1"T,(11,12)

As a consequence, for 0 < t; < t,,
Sty ) = Bf (1, 1) + [ 90,7, 1) dB () 22)

where Y(t,, 7, ,) is (¢, T)-measurable, a.e. T € [t,, t,], and
E f W) di< o, 1, >0,ae1 €[ 1], (2.3)
0

E f "Wt L) dr< o, 0K 1 <1y (24)
N

PROOF. By considering the Brownian motion
Be()=B(t, +1)—B(t)), 0<t<t,— ¢,
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the expansion (2.1) becomes a form of the homogeneous chaos, and follows
directly from Theorem 4.2 and Theorem 5.1 of Itd [8]. The uniqueness follows
from Theorem 4.3 there. The fact that f is L% -adapted implies that for ¢, > 0

L (T 2 Lt 2
Ej(; ’fo [W(t, 7, )| dt dr= E_L ’ft (2, 7, )| dr dt

< Ef’2|f(t, 12)|2 dt< oo,
0
from which (2.3) follows. Similarly, for (2.4),
E f' "Wt T ) dr< E|f(1, )< 0. O

It will be necessary in what follows to restrict our attention to L2 -adapted
processes f for which a stochastic differential of the type 9, f(,, t,) exists.
That is, using the notation of Theorem 2.A, we will require that

() AEf(t), t,)/3t, exists, and the left strong L2-derivative dg,(t,, 1,)/ 9,
exists as an element in L¥(T,(#,,1,)),°0< t, < th,n=1,2,....

(ii) The series

aitlEf(tl»tz)"' > f 0

n=1 Tn(‘lvtz) atl

Qu(tis 123 Ty - - 5 T,) AB(7y) - - - dB(7,)

converges in LX), for 0 < ¢, < t,, to an L2 -adapted process f%(t,, t,).

(i) @,(t), t,; t,) is continuous for 0 < ¢, < t, and @, (¢}, t5; ¢, 5 ..., )
exists (as a trace) in LY(T,_ (¢, 1)), 0 < £, < t,n =2,3,....

(iv) The series

o0
o(tptnt) + 2 f Pultyy 5 1y Ty o Tumy) AB(Ty) = - - dB(T,-1)
n=2"T,1 (1,1
converges in L%(Q), for 0 < ¢, < t,, to an L2 -adapted process f(¢,, t,).4
Such processes f are said to be L%!-adapted (with respect to B). The
process f"is called the diffusional part of f. In many ways it behaves like a
derivative. For example, if f is of the form

f(t ) =F(B() — B(1)), 0<1y <1ty
where F € C'(R), then
F,)=F(Bt)-B{), 0<4<t
In fact, if f° is L%'-adapted, then 3, f(#,, t,) formally exists and is given by
3See Lions and Magenes [11, pp. 191-192]. Note that (iii) follows from this statement.
“In fact, the above conditions hold if ¢,(ty, t3; 72, - . . , T,41) belongs to the Sobolev space

W'H(T, .10, 1)), n=1,2,..., and the norms satisfy 2., [|9,(-» D127, 000 < 5 12 >
0. See, for example, Kufner, John and Fucik [10].
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[t ) =[ () + ()] dty = f(t, ) dB(h), 0< 4, <t
@5)

Hence f" is simply the negative of the diffusion term in 9, f(z,, t,).
We now make the following definition. Suppose f is an LZ%'-adapted
process of the monomial form

Sent)= [ oltutim,..,m) dB(n) - - dB(r)

where ¢(t), 1,) € LY(T,(,, 1)), 0 < t; < t,. Then [} f(r, t,) dB(7) is defined
to be the process®

I1(t), 1) =fT o )(p('r,, by Tas e oo s Tar) AB(7)) - - - dAB(Ths1)
n+1 U142,
173
+[of(nu)d, 0<t<n 26)
hH

The first term on the right of (2.6) exists since f is L2-adapted. The
motivation for this definition is that it follows now from (2.5) formally that

0, I1(t1, 1) = —f(4, 1) dB(1,), 0< <t
We note that

E f‘ “f(r,1,) dB(r) = E f‘ “pnt)d, 0<4<t, (27

and that this is zero if n > 1. Furthermore if f is an L%'-adapted process of
the monomial form

f(tl’ t2) =_/;_

m 1tz

)<i>('n, LT e ey T) dB(T)) - - - dB ()
where m < nand ¢(¢,, t,) € LY(T,, (¢}, 1)), 0 < ¢, < t,, then
5By repeated application of a Fubini theorem for iterated integrals of the form dt dB(f) to the

second term on the right of (2.6), one obtains

1(8, 1) -fr ot )WP("'p BTy ey Tup ) dB(1) - - - dB(1,4y)

+j;_ _|(‘h’z)[j;"qp(f, b TsThy e ey Taet) a‘r] dB(ry) - - dB(r,_y), 0< 1, <ty
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| [ 1w a8 [ 10 B0

E{j:zf("’ tz)f (.,-, tz) ar + [[Itzf(f, 12) d"‘”]"tzf”(‘r, tz) dr ]’

m=n,

f q)(fl, tz; 7], c ooy Tn)é('rz, tz; 73, c ey Tn) d‘rl A (h’n,
Tn(‘l”z)
m=n-—2

£

0, otherwise.

(28)

Here we have used the orthogonality of monomials of order m and n, where
m # n. In particular,

2
E

J 5 1) B ()

2
=E ], 0<,<t, (29

[ "If(r. )] dr + [ “f(r,n)dr

Using the above definition and Theorem 2.A it is now desired to extend this
stochastic integral to general LZ%!-adapted processes f. To this end the
following result is presented.

THEOREM 2.B. There is a unique extension of the integral [} f(7, t,) dB(7) to
all L%'-adapted processes f, satisfying the following continuity condition:

Whenever { f,.: k = 1,2, ... } is a sequence of
L2'-adapted processes for which

lim E[|f(tn )+ ) +1R(n )] =0,
S e el a0 ] o <
then

2
dm E|f.."fk (. ) dB(7)| =0,

f0r0< t| < tz.
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ProoF. For the existence of the extension it is necessary to establish the
L?(R) convergence of the series

§ £ “f(nt)dB(r), 0Kt <, (2.10)

n=1%4

for each f which has the L%(R2) expansion
o0
f(t, 1) = Ef (4, 5,) + Zlfn(tp L), 0<4<
n=
with f, L%!-adapted and of the monomial form
fltnt)=[ @t tsm...,n)dB(r) - - - dB(r), 0<4<h
Tn(‘lv’Z)
forn=1,2,....Here, as before,
@t 1) € LX(T, (1, 1)), O0<t,<tpn=12....
Consider first the series
S [ hin b dr. @.11)
n=1v¢

By assumption (iv) in the definition of L%'-adapted, the series )., fo(r, t,)
tends to f(r, t,) in LX) for large N, at each point 7 € [¢,, t,]. Furthermore,
again using the orthogonality of monomials of different order,

00

3 Elfie ) =Ef(o)fs  1€[n 0], @.12)
Since f" is L2 -adapted,
[ EfEofe<o, 0<4<h
n

Thus, by the Monotone Convergence Theorem, the series
y 7} 2
> [Elfe, o) &
n=1¢

tends to 3 E|f(r, t,)|* dr for large N. Furthermore, by the Cauchy-Schwarz
inequality
2

¢ N
Efzf(T”z)_zf;(T’tz) dr
n n=1

. N
<(t,—-1t) f, "E[[r(f, L) - gl I, :2)|2] dr, 0<t <t
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and thus by Parseval’s Formula the series (2.11) converges to [32 f(7, ) dr in
L%(Q).
Consider next the series

o0
21 gn(tl’ t2) (2'13)
where
& (1, 1) =f (T 823 T2 < o o5 Tug1) dB(Ty) - - - AB(Tpi1)s
Toe1 (11:12)
0<y <o,
By writing

mn 9
@l ) = @t ) + [ 5ol )
1

and making use of a Fubini theorem for iterated integrals of the form
dt dB (1), one obtains

&t 1) =f )[ B(r) — B(t)]@u(tis tas 75 - - -5 7,) dB(7y) - - - dB(T,)

T, (tt2

R TBRUIORYCIES
(st T 1) dB(my) - - - dB(fn)] o,

0< <ty
and thus by the Cauchy-Schwarz inequality

Bls.(tn < 2t~ 0] A )+ (2= 1) 10 ]

0< ¢ <t
(2.14)

Since f° is L2 -adapted the Monotone Convergence Theorem can be used as
before to show that

N oo 2
2[ E|f,?(7, )| dr

n=1%"4

tends to [ E|f%t, t,)]* dr for large N, 0 < 1, <t,. Hence the series con-
verges in L*(). And now using (2.6) it follows that the series (2.10) also
converges.
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Concerning the continuity condition, the estimate

2
+ 4(t, — 1)E|f(1, )

2
’

2
< 2E| f “f(r, ) dr
h

EI f' l” f(7, ) dB(7)

+4(t, — 1,)’E 0< 1,< 1,

f, l" fO(, 1,) dr

which follows from (2.12) and (2.14), and the theorem on dominated conver-
gence, show that the integral we constructed satisfies this condition. [J

A closer analysis of the above proof reveals that for the existence of the
integral in Theorem 2.B it suffices that f~ exist, and that »

00
2
2! “q)"(., tz)“l‘z(rn-l(o"z)) < o, b > 0.
n=

Some of the important properties of this integral are summarized in the
following result.

THEOREM 2.C. Let f,, f, be L%'-adapted, and set
L(tyt) = [*f(r,6) dB(r),  0<n < k=12
1
Let a,b € R. Then
(2) (Linearity) [2lafy(7, tp) + bfy(r, )1 dB(7) = al\(t), t;) + bly(t}, 1), 0 <
t < t,
(b) (Smoothness) I, is L%:'-adapted, and I? = — f;, I = f,.

©@EL(y, 1) =Ef2fi(1, 1) dr,0 < 1, < 1,
()

EL, (t, 1) (1, 1)
- [reanena | [*ren ] [he )]
+E[U A (g n) + (1 0)a ()] &
=E[ h@ )0

+ Ej;'z[fl (no)L(r ) + L (n L) (1.5)]dr, 0< < b
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where

8(7, 1) = [ "Efi(m, 1) dB(r)

+ 2 f Pen(Tis 125 T+« o5 Tag1) @B (1) * + + dB(T4i1)s

n=17Th41(7,12)

0<T<t,k=1,2,

and the functions {@, ,: n = 1,2, ...} are as in Theorem 2.A. In particular,

2
E|I(1,, ’z)lz = E[‘/‘ltzlfl("" tz)l2 dr + j;'zfl("’ ) dr' ]
“Ef, “fir, )gy(r, 1) dr
=K f “lfy(r, )} dr + 2E f 2, t)I(r, ) dr, 0<1t, <ty

ProoF. All four parts follow directly from Theorem 2.A, using (2.6), (2.7),
(2.8), (2.9) and the observation

&(t, 4) = I(t, 1,) — j;‘zj;('r, L)dr, 0<t, <tpk=12 [
. v

3. Correction Formula. In this section we present the following
THEOREM 3.A (CORRECTION FORMULA). Let f be L%'-adapted, and assume

[ ofd< oo, Ef*[f(r, 1) drdt< 0.
n n vy

Then
]; :2 ]; “f(r. 1) dB(r) dB(r) = f; :2 fl "f(r, 1) dB(7) dB (1) + j; 21t 0) dt.

PrOOF. If fis a deterministic function, the result follows directly from (2.6)
with n = 1 and @(¢,, t,; 7,) = f(t,, 7,). So let f be of the monomial form

f(r, 1) = fT PO T)dB() (), n<T<i<h

(3.1)
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where n > 1. Then by (2.6)
f f(r, 1) dp(r) = f ‘P("’b BTy e s Tayy) ap ()

Tas1(01,2)

- dB(Ty41) +ff('r,t)d1’ L< <ty

and thus

[ [re0B@@BO=] om0 de)

Tav2(t1t2)
L
- dB(r, + , 1) dB (¥) dr,
Bwd) + [ [ (1) dB (0 dr
where we have used a Fubini theorem in manipulating the last term. Next let

g(r ) = f “fr,0)dB(f), 4 <T<Hb

so that
s =f ot T o) dB(T) - dB ()
n+| Ty 2
tl <7< tz.
Then by (2.6)

S50 ) dB () dB(x) = [ *s(r, 1) dB ()
= ot )‘P("b Tus2s Tos o+« 5 Tus1) AB(7y) « - - AB(7, +2)
+ f g (r, t,) dr.
Since f(¢, f) = 0 it is enough to show that
grmu)=["rrnd@w, n<r<n

and this is easily verified from the forms of f and g. Thus the Correction
Formula holds if f is of the form (3.1). Finally, using Theorem 2.A and the
continuity condition of Theorem 2.B, it follows that the Correction Formula
holds for any L%!-adapted process f. []

The process

(1 1) = [ " f(r, 1) dB(7)

is, by Theorem 2.C, L%'-adapted, and, as such, possesses a formal differential
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9, m(t), 1,). However, it is of greater interest to compute 9, (¢), #,) since this is
an It6-differential (not just a formal notation), and

t
n(ty 1) = [ "8n(t,, 7).
Ll
The Correction Formula can be employed to this end.
THEOREM 3.B. Let f be L%'-adapted and set

(1 1) = f “f(r,) dB(r), O0< ;< 1,

Suppose
f(tn 1) = f(ty 1) = f, “a(t, 1) dr + f’ “b(1,, ) dB (),
0< 1<,

where a, b are L%'-adapted processes satisfying
T
Efo fotz[la("’ L) +b(t, )] dtydiy< 00, T >0,

T 2
[b@ofd<w, T>0
0
Then

8,100 ) = bltz ) + [ "a(r, 1) dB )|
+ 1) + [0, dB )| a1
PROOE. The theorem follows directly from the Correction Formula. Indeed,
f, :z[b(r, 7) + f’l "a(v',7) dB (f')] dr
+[1| 1w+ [0 ] ape
= f’ “f(r, 7y dB(r) + f, "[ f a(r, 1) dr + f “b(v,7) dB (f)] dB(r)

=[*1w @) O
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It is worthy of note that although the process (here ¢, is fixed) x(?) =
Ji, f(7, ©) dB(7) is not, in general, a martingale, the Correction Formula does
provide its Doob-Meyer decomposition whenever f is of the form (cf. (2.2))

fltn 1) = [ “Y(ty, ) 4B ().
Thus

f, l"f(f, 1) dB(r) = f’ l'[ £ I’¢(f,, 7) df (f,)] dB(r) + f, l'q,(f, 7) dr. (3.2)

As another application of the Correction Formula, let A(¢) be a strictly
increasing differentiable function of ¢ on [¢,, #,] with

A(D) >, L <t t, (33)
Suppose we were to define, fort; < 7 < t < 1,

Lt <X),
f(f”)"[o, t > \7),

and substitute this in the Correction Formula. Then

f, l“'"” B(A(r)) dB(r) + fA :il)ﬁ(x-'(T)) dB(v)

= B(L) B(A7'(%2) — B(t) BAN(1))- (34

This is an integration by parts formula. Of course the difficulty here is that f
is not L%'-adapted, since 3,f(r, f) does not exist. But in this case (since f is
deterministic) the Correction Formula can be verified directly from (2.6). In
fact, as long as the process

g(r.n) = [*f(r,dB(r), H<T<n
has a diffusional part g", then

[ “g(r, 1,) dB(7) = f' 2 f, "z, ) dB(r) dB(f) + f' g (1, 1,) dr.
Now we check that
B(A(M) — B(r), 4, <T<AT(1y),
B(t) - B(r), AN ) <7<ty

Because of (3.3) it follows that g"= 1. Thus (3.4) is established. However, a
more difficult question involves the case where

A2t 4, <t< 1, 3.5)

g(mn) = {
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and the strict inequality (3.3) no longer holds. Here we have
1, Ar) # T,
1= (1AN(T), Ar)=r

Thus we arrive at the following extension of (3.4)

j")\-l(tz) B(\(r)) dB(r) + fx Z | B(A~'(r)) dB(r)

g(rt)= {

= BB (1) — B)BMW) = [ (L AN() @r
where 4 is the set {7 € [1,, ,]: A(r) = 7}. Now we merely note that, by (3.5),

[anx@)a = a
4 A
and we arrive at the following:

THEOREM 3.C (INTEGRATION BY PARTS). Let A(¢) be a strictly increasing
differentiable function of t on [t,, t,), with N(f) > t, t, < t < t,. Let A be the set
{t €[t), t,): N(t) = t}. Then

f:--(u) B(\(r)) dB(r) + f}‘ Z,) B(A\~1(r)) dB(r)

= B(L)B(A'(1) — B(t) B(\(1y)) — £(4)
where £ is Lebesgue measure.

Similar techniques to those used to establish Theorem 3.C can be used to
generalize the Correction Formula to deterministic functions f defined on

S={(nt):N(MANL<t<N(T)AL}
where A, A, satisfy the conditions of Theorem 3.C, and A; < A,. We merely

extend the function f defined on S to the whole triangle, #, < 7 < ¢ < 1,, by
setting it equal to zero on the complement of S. The reader can check that

fs f(r, 1) dB(t) dB () = fs f(r, 1) dB(7) dB(2) + fA f(t, 1) dt
where 4 = S N {(7,8): 7 = t}.

4. Carathéodory principle. A particularly interesting class of stochastic
processes consists of those of the form

f(pt) =t B() — B(1), 0<4{ <,
The conditions for f to be L2 -adapted are
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2
P T, 1y, X
f j"z (s 12, %)| exp(—x2/2(tz - 7)) dr dx< oo, , >0 (42)
-0’0

V tz - T
And the conditions for f to be L%'-adapted are that the functions

d d 1 92
e Pl 12 X)s (3—,1 -3 a—x;)qv(fp 1y, Xx)

also satisfy (4.1) and (4.2). For such processes f the integral (32 f(7, ;) dB(7)
can be related to an Itd stochastic integral. In fact we have the following
result:

THEOREM 4.A (CARATHEODORY PRINCIPLE). Let f be an L%'-adapted process
of the form

ftut) =o(, 1, B() — B(1), 0<{<0
Then

f: “f(r, 1) dB (1) = F(t,, 1, B(1)), 0< 1, <ty
where
F(ty, ty x) = f “o(r, 1 x — B(1)) dB(1), 0< 1, <t,xER.

The proof relies on the following two lemmas.

LEMMA L. Let H, be the Hermite polynomial® of degree n, where n > 1. And
let a(t,, t,) be a deterministic function which is differentiable in t, and satisfies

2 .
j;:z[|a('r, 12)|2 +| _687 a(r, ty) ] <o, t,>0.

Then

S a(r ) B, (= 7, B(5) = B() dB(7)

Lot )y (6 = 1, B(5) — B(1)
v S 2 4 ) Hps (02 = 7. B (1) = B(1))
+n f “a(r, )H,_,(t, - 1, B(t;) — B(1)) dr, O0< 1, <1,

5These polynomials are defined by

H,(1,x) = (—1)"exp(x2/21) ai"" exp(—x%/21), t>0,x€ERn=0,1,....



ITERATED STOCHASTIC INTEGRALS 265

LeMMA II. Theorem 4.A holds for functions ¢ of the form
o(t, ty, x) = a(t, L)H, (1 — 1, x), 0< 1t <1, x ER,
where a satisfies the conditions of Lemma 1.

ProOOF OF LEMMA 1. The proof relies on the fact that

% H,(t; = 1, B(t) — B(1)) =an(,”,2) dB(ry) - - - dB(,)

n=12....

(A very short proof of this result appears in McKean [12, p. 37].) Thus, using
(2.6) and substituting

a(t,t) = a(t, tp) +f7% a(t, tr)dr, 4 <7<,
4 1
we have

o J "a(r ) H, (6 = 7, B(1) = B(r)) dB(7)

= f )a(fl, t)dB(t) - - dB(Tys1)

Tas (‘b’z

+flam) [ ) ARG

=atn)f ) dB ()
e [ dB(r) e B () dr

+f,l a(r, ’2)f dp(ry) - - - dB(r,-1) dr

nl72

= Gy A DH (= 1, B () ~ B(1)

+z;l—mf 2 o, )y (1 = 70 B (1) — B(0)) di

(n — l)' f a(T’ t2) l(t2 -7 B(fz) - B(T)) df’

from which the desired result follows. []
ProoF oF LEMMA II. Let

oa(t 1, x) = a(t, )exp(Ax — A*(t, — 1,)/2), 0< 1t <13\ x€ER
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We now evaluate the integral below using It6’s Formula.
F(ty 1) = ["pa(r, 1, x = B(r)) dB(7)
L
1 1
= X'Px(tp tyx = B(t)) — 3 4t n)exp(A[x — B(1,)])

+A f “oa(r, ty x — B(7)) dr

+ }1‘ 2 2 a(r t)exp(A[x — B(r)] — A¥(t, — 7)/2) dr,

0<#<t,xER,
and thus
Fy(t 1 B(1)) = %%(t,, 1, B(t) — B(1) — %a(t,, 1)
+A f 0, (r, 13, B(tz) — B(7)) dr

+ }1‘ a a(r, o) {exp(A\[ B(1,) — B()] — 1A (5, - 7)) — 1} &

0< <t
On the other hand,
oty 1, x) = §o %a(tl’ L)H, (- 1,x), 0<4, <1, xER,
and thus, by Lemma I,

J w0 B() — B() dB ()
= 3ot 12 B(1) = B(1) ~ 3 alty 1)
+5 f —a(f, t){exp(A[ B(12) — B(1)] — N1, — 1)) — 1} ar
+A [ ‘(i B(n) - B 0<n<h

And from this it follows that Theorem 4.A holds for {@,: A € R}; that is,
-/;'2 A(T 1 B(1) — B(7)) dB(7) = Fr (1, 1, B(12)),

0< ¢ <tyAER
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By differentiating this equation n times with respect to A, and setting A = 0, it
follows that Theorem 4.A holds for the function
‘p(tl’ t2’ x) = a(tl’ tZ)Hn (t2 - tla X), 0< tl < t29'x €R. D
Now we are in a position to present the
PrOOF OF THEOREM 4.A. Let ¢ satisfy (4.1). Then, because of the com-

pleteness of the Hermite polynomials for any fixed first argument, there exists
a unique sequence {a,(#), 1,): 0 < ¢, < t,,n =0, 1, ...} such that

o0
o(1), 1, X) = X a,(t, L)H, (1, — 1), x), 0<y<n,xeER (43)
n=0
in the sense that
N 2
. 00
A}lm f @1y, 1, %) = 2 a,(ty, ) H, (12 — 1, X)

Bttt n=0

-exp(—x%/2(t; — 1)) dx =0, 0< 4 <ty
Furthermore, since
%H,,(t,x)=nH,,_,(t,x), t>0,xeER,n=12,...,
it follows that if dp(z,, ¢,, x)/0x satisfies (4.1) then

00
2ttt 0) = S 4, t) S H (6~ 1,x), 0<4<hxER,

n=0
in the same sense. Finally, since

2 L 2 V=0, >0xeRn=01
o T2 32 ) , :

it likewise follows that if (39/9¢, — 3(92/9x2))e(t), 1,, x) satisfies (4.1) then
d 1 92 °° 9
—_— e — — t’t, = —nt,t Hnt—t, y
(-1 S pewen =3[ Eawn)|mn-n
0< <t xER,

in the same sense.
Now we define forn =0, 1, . ..

Lty ) = a,(t, )H, (4, — 1, B() — B(1)), 0<4 <o,

Because of (4.3) and the continuity condition of Theorem 2.B it follows that,
for0< ¢, <1,

N
E[L@mwm

n=0%1
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tends to f12 f(r, 1,) dB(7) in LX) for large N. Furthermore, if
F,(t), tp x) = f, l”a,,(f, L)H, (t, — 1, x — B(7)) dB(7),
0<t,<tyn=0,1,...,
then SV_, F,(t,, t,, x) tends to F(t,, t,, x) in L) in the sense that

2

. 0
lim E
Noow J_ o

N
F(ty, 1y, x) — 2 F,(t, 1y %)
n=0

cexp(—x*/2(t,— 1)) dx =0, 0<¢f <1,

2

li °°E 9 F § 9 F (¢,,¢
Jim e (tl,iz,x)-n_oa (1 1 X)

-exp(—x*/2(t; - 4))dx =0, 0< <ty

Since this implies that S¥_, F,(t,, t,, B(t,) tends to F(t,, 15, B()) in LXR)
for large N, 0 < ¢, < t,, and since, by Lemma II, forn = 1,2, ...

SOt n) () = Fu(h t B(B), 0<u <t

the proof of Theorem 4.A is complete. []
As a corollary of Theorem 3.B we present the following result.

THEOREM 4.B. Let
1t 1) = [ “9(r, 1 B(12) — B(7) dB (),

where

a 2
ox?

Gl 1 92
(5,; R )w(tp b, X)
satisfy (4.1) and (4.2). Then

3 _ 1
¢ (1) 1 %), % P(t1, 35 X)s ( 3 2 )‘P(tp 1, X),

1t 1) = [qo(rz, .0) + [* 3o 0(r 1 B(1) ~ B() B (,,)] B (1)

0< 4, <t
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ProoOF. The result follows directly from Theorem 3.B once we observe that,
by It6’s Formula,

3,9t 1 B(1) = B(1)) = = (11, 1 B (1) = B(11)) dB(t5)

+ __3_+la_2 1t L) — ) dt
o, 2 gx? Pt 12, B(82) — B(t)) dr,. O

5. Stochastic integral equation. In this section we study the linear stochastic
integral equation

ag—LQ@Qgﬂanﬁ—L%@oaﬂw=Fux t>0, (SIE)

where o, b, F are deterministic functions. A more general class of equations is
analyzed in Berger [2] and Berger and Mizel [3]; but to make this exposition
self-contained, the existence-uniqueness result for (SIE) are presented here.

THEOREM 5.A. Let 0, b, F be deterministic functions satisfying

lollz = sup |o(4, )| < oo,
0< 4, << T

Il = sup |b(ty, 1) < oo,
0< 4 <<T

1Pl =_sup_|F(5)] < o,
0<I<T
Jor each T > 0. Then there exists a solution &) of (SIE) on [0, T] for any
T > O such that

sup E|£(t)|2 < oo. (5.1)
0<I<T

Furthermore, if £ is another solution of (SIE) satisfying (5.1), then £ is a version

of &

ProoF. To establish existence we construct the successive approximants to
(SIE). Thus let

(O =F(@), t>0
&() = F() + [o(r, 081 (7) dB(r) + [[b(r, Dy (7)
t>0n=12.... (52

The first property of these iterates we establish is

sup E|§,,(t)|2< 0, T>0n=12,....
0<t<T
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This is shown by induction as follows.
sup E[£, ()< 3|2+ 3N, sup E,,_, (), T>0n=12,...,
0<t<T 0<:t<T

where
! 2 ! 2
N, = su o(r, )| dr + ¢t| |b(r,0)| dr|, T >0.
r= s [ [l 0F o+ o f'lor o &
The next property we establish is
(Mr)"
(SR 6 () = &0 < 2N (L 4R =, T>0, (53)
‘ !

where

2 2
My =|of}+ TJel. T >0.

This is shown by the following observation,

Etye1 (0 = & OF < 27 [ Bl (1) = &1 ()
0<t<T,n=12,....

Thus, by (5.3), for each ¢ € [0, T, the sequence {£,(f)} converges in LX) to
a random variable £(7). The process £(f) is %(0, )-measurable and

sup E|§(t)|2< o, T3>0

0<I<T
Since

lim sup E[£ (1) —&0)'=0, T >0,
0<t<T

n—o0
taking limits in (5.2) is valid and £(¥) is, therefore, a solution of (SIE).
To establish uniqueness let £(¢) and §(¢) denote two solutions of (SIE)
satisfying (5.1). Then
- 2 t ~ 2
Ef(r) - E(n)|' < 2M, fo Eli(r) i) dr, 0<t<T,
and thus
Ej¢() - i(['=0, 0<:<T. QO

The successive approximants (5.2) are particularly interesting in view of the
Correction Formula. In fact the solution of (SIE) can be represented as an
adapted stochastic integral. This is the content of the following
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THEOREM 5.B (RESOLVENT FORMULA). Let o, b, F be as in Theorem 5.A, and
also satisfy

sup [ 2 o(tnt) +‘ %b(t,, t) ] <o, T3>0, (54)
0< 4, << T 1 1
sup 7‘1’- F(t)| <w, T5>0. (5.5)
o<i<Tl @

Define the iterates o,, b, as follows:

oi(t ) = o(ti, 1), bi(t, 1) =b(1, 1), 0< 1 <ty
Oner(ty ) = [ 0,1, o (r, ) AB(r) + [ "o, (11, b(r, 1)
1 1

o<t|<tz,n=l,2,...,

t
buar(t 12) = [ "B, o (7, 2) dB(x) + [ "B (11, )b (r, 1)
1 1
0< tl < 12,"=l,2,-...

Then the resolvents

o o
ry(t, 1)) = 21 o,(t, 1), rp(tys L) = 2 b,(4,, L), 0< <,
n= n=1

exist and are L%'-adapted processes. Furthermore the solution to (SIE) is
t
80 = F() + [ r,(r, OF () dB(7)
t
+f [r(r.6) = o(r, ), (T, )] F(r) dr, t3>0.
(i
ProOF. This result is actually a corollary of Theorem 5.A. Indeed, by the

Correction Formula, it follows that the successive approximants §, are given
by

kél o (7, 1) ] F(7) dB(7)

“O=F@+ [’
n n—1
3 bi(r.0) = o(r,7) 3 ay(n r)]F(r) dr,
k=1 k=1 ]

t
+
J
t>0n=23,....(56)
Thus the convergence of the successive approximants implies the existence of
r,, r,. The conditions (5.4) and (5.5), together with the continuity condition of
Theorem 2.B, allow us to take limits in (5.6). []
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Actually, because of the restrictive L*® assumptions on ¢ and b, the
convergence of the approximants £, is almost sure convergence. This is
because there exists a function C () such that

C”
B () — & (O <

n!
This is actually the content of (5.3). And thus the series

S el - 601> %)

converges for each ¢ > 0. So that by the Borel-Cantelli Lemma, §,(f) conver-
ges almost surely for each ¢ > 0. Similarly the conditions (5.4), (5.5) imply the
almost sure convergence of the terms in (5.6). And thus the Resolvent
Formula provides trajectory-type information. For examples concerning the
use of the Resolvent Formula, and for additional information about the
solution of (SIE), and for the case where o, b, F are processes themselves, the
reader is referred to Berger [2], and Berger and Mizel [3].

6. Related stochastic integrals. The authors gratefully acknowledge the help
of the referee in describing the adapted stochastic integral of §2 in the
framework of recent work of It6 [9] and Ogawa [15). If f is L%'-adapted then

I* (4 1 f) Ej;tzf('r, t,) dB (1)

t>0.

can be written as

J 17 dB(n) ©.1)
where
) =fh+L-78), Br)=BH+0n)-BH+H— 1)

Furthermore, f* is L2 -adapted with respect to 8*. However, the integral (6.1)
does not correspond to Itd’s classical integral,

I~ (0,15 /%) = [ “ (1, 7) dB*(r),

as defined in It [7). The reason for this is as follows. It is shown in Berger [2]
that I *(¢,, t,; f) can be written as

im 3 16 ) B - B

where tl =5, --- <K Spp1 = ty is apartition of [tl’ tz], and

.....
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And this limit is also

n
i 2 St st Bt — B M),
i=1

where s* |, = t, + t, — s}, ,_;. And this corresponds to what is referred to as
an I -integral, I,”(#,, t,; f*). In fact, (2.5) amounts to

I (1t f%) = I (8, 133 f*) + f’ “ (1, 1,) dr. (62)

It is important to note here that whereas for the classical integral I ~(¢,, t,; f*)
to exist it is enough that f* be L2-adapted, for I, (¢, t,; f*) to exist it is
necessary in addition that f~ exist. This is related to the notion of B-differen-
tiability introduced in Ogawa [15].

The reader can check that in the context of (6.2) the Correction Formula
becomes

[ oo o] = [ reodo]|wo

and the Resolvent Formula becomes
&0 = F() + [ [r.(r DF()]*dB*(7)

+ [ OF (1) dr, 130,
0
All of these results can be expanded to more general I,-integrals, defined by
I (1, 1 f%) = Igig 21 St (1 = a)s; + as; )| B*(sier) — B*(s)]-
The interested reader is referred to Berger [2] for further details.
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